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AN IMPRUVEDPHUTOELM?JUCME?12HODFOR D~ PIANESTRESSES

By C. B. Norris end A. W. VOSS

An improved photoelastic mthod hm been developed for determining
stress concentrations which occur in nonisotropic materials under load.
Druckerts nwthod has been extended by Mans of en additional oblique
photograph, and simpler equations for relating fringe order to principal
stresses we- obtained. The present method is considered more accurate
than Druckerts end elso provides,a mans of determining the directions
of the principal stresses. The determination of these directions, how-
ever, is not sufficiently accurate,.and the
found desirable for greater accuracy.

INTRODUCTION

One of the pertimnt problems involved

use of a stress coat wae

in the w of nonmetallic
materials for ai%ref% con&uction is the determination of the stress
concentrations which occur in such nonisotropic materials under load.
In an investigation of this problem the first~t~ of stress distrib~
tion selected for study was that which occurs around a loaded bolt-
passing through nonisotropio matetials. k order to attack this problem,
a photoelastic mthod has been developed. The present zeport describes
this mthod and also its use in determining stress distributions in a
loaded bolt. A review of the literature at the outset of the investi-
gation indicated that the existing mthods of photoelastic stress analysis
were not entirely suitable for use in the problem under study. The usL@
and more simple ‘photoelastionthods require the model to have a free
edge, a requirement difficult to fulfill in this case.

In order to overcome this limitation, several methods for analysis
at single points have been developed (references 1 and 2), but these
become tedious when emalysis over an ~ea is attempted. Others
(references 3 and 4) that are more suitable for anelysis overen exea
require special apparatus as well as extrems cam in the preparation
of models.

s

Drucker*s oblique-incidence mthod (reference 5) is essentially a
point4y-point procedure unless his more complicated general equations. . _— .=—
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can be made applicable. Frocht states
ence 6), but according to Drucker they

It was found in the present study
extended and made more useful by nmns
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their use is practicable (refe- .
cannot be applied accurately. .

that Drucker8s mthod can be
of an additlmal oblique phot~

graph and that simpler equations for relating fringe order to principal
stresses can be obtained. The resulting procedure developed in the
present investigation is considered more accurateLthan Drucker’s original
one, and, in addition, makes available a means of determlnhg the direc-
tions of the principal stresses. The determination of these directions,
however, is not sufficiently accurate, and the use of a stress coat
(zwfererice7)wasfound desirable for greater accuracy.

This work was conducted at the Forest Hmducts Laboratory under the
sponsorship end with the financial assistance of the National Advisory
Committee for Aeronautics.

APPARATUS

—

An apparatus was designed and”built to utilize the double+blique
method of photoelastic analysis. The light, lenses, and camra for the
polariscops were mounted on a track supported bya frame and bars (fig. 1).
Each of the two side mmibers of the fram was mounted on crossed pins
that permitted the light to c- from any directibn’withti0° to %0 of
the normal position.

The polariscope and supporting rig in position in a testing nmchlne
are shown in figure 1. The essential parts of the polarlscope from left
to right are transform; mrcury vapor lamp, filter, and M-inch lens,
the last three items covered by the shield;

%-
inch-diameter polarizing

plate; quarter-wave plate; space for the s~cimm; quarte~ave plate;
analyzing plate; KMnch lens; and camra with &by lo-inch ground+ass
viewing plate. These items are mounted on tracks that me pin-connected
to the cross bars. The cross bars are free to pivoton the bolt hangers.
A graduated quadrant mounted on the left end of the second cross bar is
read against a pointer attached to the bolt hanger to determine the angle
between the line through the horizontal pivots and the optic axis. The
bolljhangers are suspended from channel Iron mmbers. Each channel is
supported by a pin parallel to the hangers, and these pins are supported
by alined horizontal pins. The angle between the horizontal plenq and
the projection of the optic axis on a plane perpendicular to the hori-
zontally alined pins Is rqad by means of a graduated quadrant mounted on
the base and a pointer mounted on the horizontal pin. The supporting
structure is tide of pipe, chsmnds, and bars welded together to leave
access to the base of the testing machine and to the space for the
spec~n. Counterweights are placed where necessary to balance the
assembly about the crossed pivots.
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THEORYOX IM!?RUVEDPHOTOEIASCICMEIWOD

Druclc3r’a genersl equations exe:

where the synibolsare defined as follows:

%
fringe order for the algebraically larger of the principalstresses p

%
fringe order for the other principal stress q

% f~ order from photo~ph with ltght normal to mqrface of model

‘o fringe order from”photograph with light oblique to surface of model

P angle between direction of light inside model end a normal to its
surfaces

e orientation of p m3asun3d countercloclmise from x4xis

143t +=~+~; then, adding equatfons (1) and (2) gives

~ (1 + COSQ ~) cos 2e 22 cos 9

%= A. (3)

where n. is

s-z g

may be put in the form:

+ * (1 + COS2 ~) Sin2 p cos 2e + %2 sink P COS2 2e

( )+4~2-n12 cos2~=0

the fringe number in the oblique photograph.

(4)

d.

—

An
so that

additional oblique photograph
the plLUX3defined by its sxis

is taken with the
end.the ncmmal is

light beam rotated
at angle of 900
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to the similar plane associated with the first oblique photograph. Equa-
tion (4) applies also to this photograph if 8 is ~placed by e + $;

that is, the value of cos 29 is reversed tn sign. On inserting ~, the

fringe number from the second oblique photograph, in pla~e of nl and

changing the sign of Cos 29, equation (4) becozm3s

(+4~2- @ C082 q = o (5)

Subtracting equation (5) fr6m equation (k) leaves

4~ (1 + cof32~) sin2 ~ cos 2e + 4(~~ - n12) COS2 @ = O (6)
.

which can be put in the form:

nx n12 - %2 COS2 p
.=—
% n# (1 + COS2 p) sinz g Cos 29

(7)

The values of nl, ~, end * atanypoint inanareamyb

determined from one group of photographs. !l? heangle~ is the angle
between the oblique ray of light inside the model and a normal to the
surfaces of the model. The angle 13 is masured by using the stress-
coat technique. The value of ~ is determined by using these vslues

in equation (7). lt may be noted that no serious confusion of sign
results from the use of this equation. The principal stresses em then
easily determined:

?x=~+nq 1
1%l=np-nq

(8)

AdditIon g’lvestwice the fringe number for one principal stress, and
subtractIon gives twice the fringe number for the other. Equation (7)

becomesindeterminatewhen 8 = $sndnl=~, ‘butthis difficulty

*

.
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may be avoided by taking en additional pair of oblique photographs at an
angle of 45° to the first pair. —

.——
Equations (7) and (8) have the following advantages over equs.ttons(3)

to (6) of Druckerts paper (reference 5):

1. Equation (7) is,general; it applies for any position of the
principsl axes of stress.

2. Druokr defines ~ as algebraicsll.ylarger than nq. This

leaves mm doubt regarding the identification of ~ end ~. Eque-

ti.ons(7) and (8) make this identification cleer.
—

3. The righ~ meniberof equ&ion (7) is independent of the sign
of ~, nl, and “~; thus the ratio nJ~ has a unique velue. This

eliminates the confusion 3n the use of Druclc3rcsequations because the
sign of ~ is ncrtknown.

4. Both methods are concerned with diffennces of fringe values
measurai from two photographs. The differences encountenxl by Drucker
~ ~-~ cOse dnocose - ~ (in Druclcwts notation). The

differences’encountered in the method described herein are n12 - %2 or

@ + ~)(n~ - ~). us-y the value of. n~ - * is about double that

of % -“%9 &d the accuracy of the present ?mthod is therefore about

twice that of.Drucker’s.

COMPARISON OF REsums FTKli??WI!OEIA91?ICMEHKID AND ELASTICTHEORY

A !&incHiamter circular disk 0.252 inch thick was loaded in co-
pre ssion at opposite ends of a disinter. This model was placed so that
its centrsl plane was vertical end contained the line between the hori-
zontal pivots of the polariscope Jig. Before load was applied, two
photographs were taken with the light normel; one photograph is shown
in figure 2 with white background and one in figure 3 with dark back-
ground to show the Mt ial fringe pattern. Load was then applied through
round steel rods 0.125 inch in diameter. Photographs were taken wi-th ,
both white and dark backgrounds end with light Mrection (1) normal,
(2) rotated vertically 45°, (3) rotated horizontally k50, end (h)
rotated k8° 19’ from the normal in a 45° plene. These are shown re-
spectively in figures 4 to 11. The photo~a.phs shown in figures 10
and 11 were taken to provide &ata near the ends of the diagonal diemter
of the model because of the possibility that data from the.other phot-
graphs ml@t lead to indetermMate values of,equation (7). This clifficulty

.—
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was not encountered in the anslysis, end therefore the data from these
photographs were not employed. After the frin@ patterns under load
had been photographed, the load was removed and the photograph in
figure 12 was taken to show the residual fringe pattern in the vicinity
of the concentrated loads.

The model was later sprayed with a stres~indicating lacquer+ After
the lacqusr dried, load was again applied. Cracks ~rpendiCti~ to the
printipsl tensile stress formed in the lacquer. These were dye+tched
to preserve them. After the coated specimn had remained under load
about 1 hour, the lacquer and the model were chilled with air passed ovel?
dry ice. The load was iazmdiately released; the result was a formation
of cracks pe~ndicular to the principal compressive stress. These also
were dye-tched. A photograph of ths etched cracks is shown in figure 13.

A circle 1.20 inches in diameter had been drawn on each surface of
the disk so that correct masuremnts could be made on the prints in
units of the radius of the scribed circle. A transparent interpolaror
was used to read the location of fringes to a radius of 0.01. Curves
with fringe nmtber as ordinate and distance from the center of the model
as abscissa were prepared for the vertical diemeter of the disk (fig. 14),
the horizontal diamter (fig. 15), snd a diameter at 45° to the vertical
diamter (fig. 16). The valms of the angle @ betwee~ direction of
principal stress at various points along a 45° diamter and the x-is

.

were determined from the photo@aph in figure 13 and are plotted in
figure 17. The index of refractim was obtained frm the rotated views
showing the two scribed circles displaced in the horizontal and in the

.

vertical directions.

Frczuthe values of nl, ~, ~, @, end ~ so obtained, the

velues of ~ wezw computed (by equation (7)’)for several points on
ths vertical, horizontal, and 45° dkmeters. From ~ end ~, the

VdUC3S of ~ and ‘nq were obtained end are plotted in figures 18 and 19

for the horizontal and vertical dianwters,“respectively. A smooth curve
was drawn through these values in each figure.

The mathematical determination of the principal stresses is based on
the theory giwn by Timoshenko (reference 8) from which the following
general equations for the principsl stresses at any point in q disk under
ed@mise coppression with point load were derimd:

au.a-+ (U1+U2+
(a-* (71+u2-CV

d 2a12 + 2al a2 cos 2B + a2
)

2 + 2a1 a2 Cos m + 722
)

(9)

(lo)
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Factors in equations (9) and (10) ere:

7

where

au’ %

x

a.

A

a==
ma

P

+ - ~x/a)2 (2 - Cos 2A) + (x/a)4
“Cos2B = (1.1)

&#x/d)2cos~+ (X/d)4

‘3=a

U.a
2

princip91 stresses

.

1-- : cos A
2

(x/d)2 - ~ cos A + 1/4

(x/d)2 + : COS ~ + 1/4

at a point

(12)

(13)

radial distance frm center of disk to point

disinter of disk

angle between loaded diameter and line from center of diskto
point

load

From equations (9) and (10) the following formulas were obtained for
the principal stresses on the horizontal snd vertical diameters: On the

horizontal diameter with ~ =: and cos ~ = O,

, [1~4

%-a 1- (14)

(d2 + 4&)2

[1“P=a’-(c’?‘ (15)
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On the vertical diameter with ~ = O and cos ~ = 1,

.u=a&&) (16)

,
.

The numrical value of a required to express the theoretical stresses
in units of fringe order was detemined by the method of least squares by
using the crosses on the curves in figures 18 and 19 for the horizontal
snd vertical diameters, respectively. This val~ of a was used to
determine the principal stresses in units of fringe order on the diameter
at 45° to the horizontal, on the horizontal di~ter, and on the vertical
diameter. Points were not tslam at the center of the disk because the
wide fringes wen difficult to locate accurately; points were not tsbn
near the edges to avoid the initial fringes (figs. 2 and 3) and the
residuel fring’eS(fig. 12). “

In figure 20 the computed principal stzwsses in fringe-order uclts
exe shown by the curves, end the experimntaUy determined printipsl .

stresses in the sauw units sre shown by the plotted points.

DISCUSSION

A comprhon of the stress distribution obtained by the photoelastic
nmthod with that obtained by the mathematical theory of elasticity is
of interest. Such a comparison is given in f@re 20, in which curves
obtained by the theory of elastlcfty and points obtained by the photo-
elastic method are compared. The fringe velue, which relates the stzwss
to the fringe order, was obtained by fittfng the mathematical curves to
the experimental data of f~gure 20(.) to 20(d) by the method of least
squares as previously described.. The fringe value so detemined was used
in drawing the curves in f@ure 20(0).

The data agree ‘withthe mathematIcal curves reasonably well in most
instances. The deviations can readily be explained.by an snalysi.sof
the experimental technique. Of course, it was impossible to apply true-
point loads to the disk. Also the stresses neer the points of applica-
tion were of necessity extremely high, and the materfal of the model
becme plastic at these points. The nsult was the development of local
areas of approximate hydrostatic streas which increased the horfzontsl
tension in adjacent parts of the specimn. The presence of such tensile

.



. stresses is indicated

decrease the vertical

9

in figure 20($%)● These plastic areas slso tend to

compressive stress at the center of the specimen
and to increase it near the ends of the horizontal di-ter. (See
fig. 20(d).) Of course, the photoelatiic method is not expected to
yield accwate stresses at looations In the spec~n at which plastic
flow is present; thus the neasumd stresses at or neer the residual
fringes shown in figure 12 are in error. This error is shown in
figure 20(c) end 20(e).

The data taken on the 45° diagonal of the disk serve best as a
verification in the improved photoelastic mthod, since it was necessary
to use the isostatic lines obtained by the stress+ oat mthod (fig. 13)
to detemtne the e~rimental velues. Although the principal stresses
on the vertical end horizcmtsl diameters could have been obtained by
Drucker*s mthod, the imprcwed ~thod was used, with 0 = O or ~,

because of the simplicity of its application. On the 45° diamter, the
ratio of the photoelasticslly observed principal tensile stress to the
computed value is 1.00 at the center of the disk end 1.10 at the position O.& “
of the radius from the center. This ratio for the compm ~sive princfpal
stress is 0.96 at the center of the disk end 0.94 at 0.4 of the radius
from the center. Stresses closer’to the edge of the disk are considered to
be iriaccumte because of the errors previously discussed.

. .

CONCLUDINGREMARK

It’can be concluded that the improved oblique method of phortoelastic
analysis yields reasonably accurate results over regions of the photo-
elastic model which are not sub~ected to excessive stress concentrations.

Forest Products Laboratory, Forest Service
U. S. Departnrmt of Agriculture

Madison, wis., July 15, 1946 ‘
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Figure 2.- Disk before load was applied. Light normal, white background.
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Figure 5.- Disk under load. Light normal, dark background.
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Figure 6.- Disk under load. Light deflected 45°, white background.”
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Figure 7.- Disk under load. Light deflected 45°, dark background.
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Figure 8.- Disk under load. Light rotated 45°, white background. _
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Figure 9.- Disk under load. Light rotated 450, dark backgroud.
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Figure 10.- Disk under load. Light oblique 48°19’-,white backgromd.
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Figure 11. - Disk under load. Light oblique48°19’, dark background.”
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~gure 13.- Etchd cracks show@ directio= of stress~ la~uer app~ed
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